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Evidence status. The mathematical results in this manuscript are independent of the
numerical experiments. The current corrected-v3 implementation enforces the intended
perception — p — method-specific predictor contract. A complete 315-row candidate
and separate five-seed input- and label-robustness artifacts now pass their structural
gates. Within each learned-kernel method, query-local top-k KRR lowers mean RMSE
relative to global KRR in all 27 corrected cells. They show no general Deep Cauchy
advantage over matched Deep RBF on clean prediction, input contamination, or label
noise. Two narrower local mechanisms are supported: selection rejects grossly corrupted
stored inputs, while local solves limit the propagation of gross label swaps but not dif-
fuse Gaussian target noise. All numerical intervals remain exploratory. The version
boundary is summarized in Appendix A.8 and specified in Appendix I. A separate 70-row
classification-vl-exploratory screen on Breast Cancer and Digits is reported only in
the appendix; it is not part of the corrected-v3 regression matrix and does not change
the regression claims.

Abstract

We study a learnable location—scale kernel obtained by mapping each input to a product
of univariate Cauchy distributions with learned location p(z) and positive scale v(z), then
exponentiating their exact Kullback—Leibler divergence. We prove that the resulting Cauchy-KL
construction is positive semidefinite for arbitrary learned parameter maps, give a sufficient
condition for strict positive definiteness, identify its fixed-scale reduction, derive its local pullback
geometry, and differentiate the associated kernel ridge regression (KRR) solution. For controlled
empirical evaluation, all learned methods use the same perception-to-u neural structure as closely
as possible: Direct MLP continues with a scalar output, Deep RBF continues with RBF KRR, and
Deep Cauchy adds a parallel v head before Cauchy-KL KRR. A fixed-scale Deep Cauchy ablation
isolates the contribution of input-dependent scale. The complete corrected-v3 candidate shows
no general clean-RMSE advantage for Deep Cauchy over Deep RBF or the fixed-scale ablation.
Its strongest positive empirical result is instead architectural: for the same learned representation,
kernel, and targets, query-local top-k KRR lowers mean RMSE relative to global KRR in every
corrected dataset—sample-size—kernel cell. Paired 10% and nested 20% dirty-development screens
show no stable Cauchy-specific robustness. A frozen-model reference-bank isolation further shows
that local selection removes grossly corrupted stored references for RBF and Cauchy alike. In a
separate 20% label-noise screen, noisy labels remain inside local neighborhoods, but local KRR
degrades less than global KRR under label swaps in all nine learned-kernel cells; Gaussian target
noise shows no such pattern. The supported mechanism is therefore learned local reference
selection and influence localization, not universal Cauchy superiority.




1 Introduction

Kernel similarity determines which observations a regression method treats as nearby. Standard
stationary kernels use one global length scale, while deep kernel learning changes geometry through
a learned representation [19]. Neither choice by itself provides a mathematically safe way to learn
an input-dependent local scale: inserting arbitrary local scales into a familiar radial formula need
not preserve positive semidefiniteness.

The Cauchy location—scale family provides a special route. Univariate Cauchy KL divergence is
symmetric and its square root admits a Hilbert-space embedding [13]. Exponentiation therefore
produces a valid kernel by Schoenberg’s theorem [16]. We extend this construction to product
distributions and arbitrary learned maps x — (u(z),y(x)), while separating positive semidefiniteness
from strict positive definiteness and deriving the induced local geometry.

The empirical question is whether this additional scale flexibility is useful, not merely whether the
kernel is valid. Every learned method independently instantiates the same perception architecture
hg : R* — R" followed by a linear i head. The methods then diverge only at their intended prediction
mechanism: a scalar neural output, RBF KRR, fixed-scale Cauchy—-KL KRR, or Cauchy-KL KRR
with a parallel input-dependent « head. This design separates three questions:

1. Is the learned product Cauchy—KL construction a valid kernel, and what local geometry does it
induce?

2. Does an input-dependent «(z) add value beyond a learned global Cauchy scale?

3. Does Cauchy location—scale geometry add value beyond RBF geometry on the same perception-
to-p neural structure?

Direct prediction, fixed input-space kernels, and local versus global KRR are contextual controls

rather than separate paper identities. The positive scale y(z) is a similarity parameter, not

automatically calibrated uncertainty, and clean predictive accuracy does not answer robustness

under contaminated development data; these interpretation boundaries are collected in Appendix A.

The complete corrected-v3 candidate and separate robustness artifacts now pass their structural
gates. We report their heterogeneous five-seed results as exploratory evidence without promoting
them to superiority or equivalence. The compact status rule is in Appendix A.8; the executable
acceptance contract is in Appendix I.

Contributions.

e We formulate a learnable product Cauchy—KL kernel and prove its positive-semidefinite validity
for arbitrary learned location and scale maps, with a sufficient distinctness condition for strict
positive definiteness on finite samples.

e We characterize the construction through its fixed-scale reduction, local pullback geometry, and
derivatives needed for end-to-end KRR.

e We define a controlled comparison in which neural methods share the perception-to-p structure
as closely as possible, using matched RBF, fixed-scale Deep Cauchy, and Direct-MLP controls to
separate kernel geometry, input-dependent scale, and prediction mechanism.

o We show that, conditional on the learned kernel geometry, query-local top-k KRR consistently
improves over its global-KRR counterpart and can exclude grossly corrupted stored inputs from
the local solve or limit the propagation of gross label swaps. These mechanisms do not produce
a general Cauchy-specific advantage.
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Figure 1: Architectures of the four learned predictors. Every method retains the same perception-to-u
neural structure as closely as possible, then continues with its method-specific predictor. Fixed-scale
Deep Cauchy learns one input-invariant scale ¢; Deep Cauchy adds the parallel positive v(x) head
being tested. Architecture, dimensions, and per-seed initial values along the perception-to-p path
are matched, but each method independently trains its own weights.

2 Model

2.1 Learned representation and kernel parameters

The consolidated notation table in Appendix B records the domains, shapes, and roles of the symbols
used below. In particular, it distinguishes the benchmark sample size n, reference-bank size N,
training solve size B, and inference neighborhood size k.

Given data {(z;, )}, with z; € R? and y; € R, a backbone produces z; = hg(z;) € R". The
RBF model uses a linear location head

po(x) = Wuhg(ﬂf) +b, € RP, (1)
The Cauchy model adds a positive scale head
Yo(x) = softplus(W,hg(z) + by) + € € RE, e >0, (2)

and associates x with the component-independent distribution

Py, = Q) Cauchy (g (), 76,5(x)) - (3)
j=1



Architecture-matched neural paths. The method index is suppressed above for readability.
In the empirical comparison, each neural method a owns an independent parameter instance and
computes

za(x) = hg, (), ta(®) = Wyaza(z) + bya- (4)
The backbone and linear u head have the same architecture, dimensions, and per-seed initial values
across methods, but their learned weights are not tied. The method-specific continuations are

Direct MLP:  §u(2) = w, ota(z) + bo,a, (5)

Deep RBF:  u, — krpr — KRR, (6)

Fixed-scale Deep Cauchy: (pg,4a) — kc — KRR, (7)
Deep Cauchy: (pa,v.) — k¢ — KRR, (8)

where v,(x) = softplus(W, 42q(x) + by,q) + € is a parallel Cauchy-only branch. Thus Direct MLP
does not map the backbone output straight to a scalar, and Deep Cauchy is not total-parameter
matched to Deep RBF because it intentionally adds . The two linear maps in the Direct path
could be collapsed algebraically. We retain the explicit 4 head so that Direct MLP shares the
same perception-to-y neural structure with the kernel methods as closely as possible; it is not
included to increase the Direct model’s function-class expressivity. The complete interpretation and
reproducibility contracts are in Appendices A.2 and 1.2.

The implemented backbone is an MLP; none of the kernel-validity results require the backbone
to be invertible.

2.2 RBF and Cauchy-KL kernels
The RBF comparison is

g (2, 27) = exp (_ l126(x) — ue(fv’)H%)  uso (9)
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For two univariate Cauchy laws, define
(n—p)?+ (v +9")°
Ay’ '

de((1,7), (',7')) = log (10)

The product Cauchy-KL kernel is
P
De(z,a') =Y do((pi(x), (@), (1y(2"), 75 (), (11)
j=1

ko(z,2') = exp( — BDc(x,2"))
_ ﬁ 4vj(x)v;(2’)
L (@) = (@) + (5(2) 4+ 5(2)?

A scale ablation replaces every «;(z) by one learned global scalar ¢. It therefore retains the Cauchy
kernel family while removing input-dependent and dimension-dependent scale information.

B
. B>0. (12)

Theorem 1 (Kernel validity). For every B > 0 and every map x — (pg(z),vo(z)) € R? x RY ), the
function in Eq. (12) is a positive-semidefinite kernel. For a finite set x1, ..., Zy, its Gram matriz is

strictly positive definite whenever the joint parameter tuples (pug(x;),vo(x;)) are pairwise distinct.

The proof is in Appendix E. The distinction matters: an arbitrary neural map can collapse two
inputs to the same distribution, in which case no kernel on those distributions can yield a strictly
positive-definite Gram matrix for the duplicated pair.



2.3 Global and local KRR
For a positive-semidefinite Gram matrix K and A > 0, global KRR uses
a=(K+n L)y,  flz) =kl o (13)

For local inference, let Ny (x,) be the indices of the k largest similarities kg (24, x;). With Ky
denoting the Gram matrix on that neighborhood,

o, = (Knr + kM) " Lyw, Frocal(@s) = k(z4, Xn0) | o, - (14)

The ridge term makes both systems uniquely solvable even when the kernel is only semidefinite.
Local versus global inference is a secondary evaluation factor rather than the paper’s defining method.
The selected reference set is inspectable, although the KRR weights need not be nonnegative and
should not be interpreted causally. A pipeline diagram and the distinction among N, B, and k
appear in Appendix A.6.

2.4 End-to-end training

The deep-kernel models backpropagate mean squared error through the linear solve in Eq. (13),
following the general differentiable-solver principle used in meta-learning [1, 9]. The corrected-v3
reference protocol uses full-batch deep-kernel training: it constructs the training Gram matrix,
solves for o, and evaluates MSE on that training partition without top-% selection. The Direct MLP
instead uses shuffled mini-batch scalar MSE. Validation recomputes the kernel and ridge solution
after every optimizer update so that the neural and KRR states refer to one parameter version.
Only after training, with neural parameters frozen, does local inference select top-k references. The
derivative identity, stage-by-stage computation, sample-count conventions, and discrete-selection
boundary are given in Appendices A.6 to A.7 and G.

3 Mathematical properties

3.1 Exact divergence and product additivity
For P = Cauchy(u,~) and @ = Cauchy(y',~"), direct integration gives
Dxr(P||Q) = do((1,7). (1',7"))- (15)

Unlike a generic KL divergence, this expression is symmetric on the univariate Cauchy location-scale
family. For product distributions, KL additivity gives

Dy, <®Pj ®Qj> =Y DkL(P;]|Q)). (16)
J J J

The integration and additivity arguments are supplied in Appendix D.

3.2 Fixed-scale reduction

Corollary 2 (Fixed-scale kernel). When p =1, u(x) =z, and v(x) =€ > 0,

z—2)2\ "’

Thus the learned-scale construction contains a gemeralized Cauchy, or rational-quadratic-type, sta-
tionary kernel as a special case.



3.3 Local pullback geometry

The Cauchy construction also determines what “local scale” means. Consider a smooth path
£ (15(t), (). Then

Dg(t,t+06) = iw+0(53). (18)

Consequently, —log k¢ = BD¢ locally penalizes movement in location and scale, normalized by the
squared Cauchy scale. For the original one-dimensional parameterization p(z) = = and v(z) = g(z),
the coefficient reduces to S(14¢'(x)?)/(4g(x)?). A complete Taylor expansion appears in Appendix F.

4 Related work

Distribution kernels compare objects through probability laws. Probability product kernels construct
direct Hilbert-space inner products [7]; our construction instead uses the special negative-definite
geometry of univariate Cauchy KL [13]. Input-dependent covariance kernels are also well established
in nonstationary Gaussian-process modeling [14]. We therefore do not interpret input-dependent
scale by itself as a novelty claim. The contribution is the valid learned product Cauchy—KL
construction, its geometry, and a controlled test of whether its input-dependent scale adds predictive
value.

Deep kernel learning combines neural representations with Gaussian-process or kernel inference
[15, 19]. Differentiable closed-form linear and quadratic solvers provide a general route for training
representations through downstream optimization [1, 9]. Our use of a KRR solve is an instance of
that route rather than a new differentiation principle.

Local prediction predates modern deep learning. Classical examples include Nadaraya—Watson
regression [11], locally weighted and local polynomial regression [3, 5], and local Gaussian processes
[12]. Learned metrics and representations have also been combined with nearest-neighbor prediction
[6, 8, 17, 18]. Sparse Kernels expose fixed or learned representations within a differentiable lazy
kernel layer [10]. We do not claim to introduce the first local KRR layer; local inference is one
evaluation setting for the learned Cauchy similarity.

5 Empirical questions and evaluation design

5.1 Corrected-v3 matrix

The corrected-v3 matrix uses California Housing, Wine Quality, and Abalone; sample sizes
n € {500, 1000, 2000}; and five seeds. Feature preprocessing is fitted on the training partition only.
The seven method identifiers are listed in Table 1. Kernel methods are evaluated with global and
local inference where applicable. The resulting serialized reference contains 7 x 3 x 3 x 5 = 315
unique method rows.



Table 1: Methods in the corrected-v3 matrix. All neural methods match the perception-to-y path
in architecture, dimensions, and per-seed initialization; each method is trained independently.

Identifier Description

gradient_boosting sklearn gradient-boosted regression trees

fixed_rbf input-space RBF KRR

fixed_cauchy input-space product Cauchy KRR

direct_mlp backbone — linear u — scalar output

deep_rbf backbone — linear 1 — RBF KRR

deep_cauchy backbone — linear (u,v) heads — Cauchy KRR
deep_cauchy_fixed backbone — linear p — fixed-scale Deep Cauchy KRR

5.2 Primary comparisons

All comparisons are paired by dataset, sample size, and seed. They are ordered by their relevance
to the paper’s central question:

1. Input-dependent scale: deep_cauchy versus deep_cauchy_fixed isolates whether v(x) adds
value beyond one learned global Cauchy scale.

2. Kernel geometry: deep_cauchy versus deep_rbf compares Cauchy location—scale geometry
with RBF geometry on the matched perception-to-y path.

3. Prediction mechanism: the deep kernels versus direct_mlp compare KRR with a scalar
neural continuation after the same explicit p structure.

4. Representation and inference controls: deep versus fixed kernels and local versus global
inference contextualize the primary contrasts without redefining the paper’s identity.

The analyzer rejects duplicate, incomplete, or wrong-protocol matrices before forming aggregates.
The exact architecture, preprocessing, and matrix acceptance rules are in Appendices I and 1.2.

5.3 Current evidence boundary

A complete 315-row corrected-v3 candidate passes its structural and provenance gates. Deep
Cauchy has no general clean-RMSE advantage over matched Deep RBF: eight of nine dataset/size
cells are indistinguishable in the five-seed screen, and the remaining California cell favors RBF.
Input-dependent scale likewise has no stable advantage over the shared-scale Cauchy ablation.
Direct MLP and tuned sklearn Gradient Boosting are competitive controls; their relative ranking
is dataset-dependent. Fixed-kernel superiority claims remain gated because many validation grids
select a boundary.

Separately, a 70-row exploratory classification screen covers Breast Cancer and Digits with
five paired seeds and seven methods. It is reported in Appendix C.7, uses a classification-specific
protocol and acceptance gate, and is not pooled with any regression comparison.

5.4 Dirty-development robustness and mechanism isolation

The robustness protocol corrupts raw training and validation inputs while keeping test inputs and
all targets clean. The 10% screen and 20% severity follow-up use the same five seeds, methods,
selected feature, N = B = 1000, and local k = 100. The 20% masks are nested: they retain every



frozen 10% corrupted row and add another 10 percentage points. Table 2 reports clean-test RMSE
degradation at the higher severity.

Table 2: Dirty-development clean-test RMSE degradation at p = 0.20. Negative values are
improvements relative to the paired clean model; negative Cauchy—RBF contrasts favor Cauchy.
GBR is sklearn Gradient Boosting, not native XGBoost.

Dataset corruption Deep RBF  Deep Cauchy Direct MLP GBR C-R
California  mixed units +0.0629 +0.0653 +0.0478 40.0148 +0.0025
California  centered sign +0.0234 +0.0223 +0.0137  +0.0037 —0.0011
Wine mixed units +0.0152 +0.0142 +0.0100 +40.0113 —0.0011
Wine centered sign +0.0045 +0.0010 —0.0005 +0.0040 —0.0034
Abalone mixed units —0.0270 —0.0207 +0.0384 +0.0123 +0.0063
Abalone centered sign —0.0189 —0.0250 +0.0206 +0.0231 —0.0060

The direction of Cauchy minus RBF changes across datasets and corruptions at both severities.
Five of six 20% screening intervals include zero; the small Wine centered-sign contrast is the
sole exception. California worsens as severity rises, Wine is nearly flat, and Abalone deep local
KRR remains resilient while Direct MLP and Gradient Boosting degrade. These heterogeneous
five-seed results support neither a general Cauchy-specific robustness claim nor universal monotone
degradation.

The separate reference-bank-only experiment freezes a clean-trained model, clean validation
choice, and clean scaler, then corrupts only 10% of stored reference inputs. Under gross mixed-unit
errors, nearly every designated reference leaves top-k for Deep RBF, Deep Cauchy, and shared-scale
Deep Cauchy; neighborhood overlap remains about 0.815-0.821 and RMSE changes by only a few
thousandths. This isolates query-local reference rejection as the supported mechanism. It does not
attribute that robustness to Cauchy tails or learned scale.

5.5 Dirty-label robustness

A separate paired screen corrupts 20% of training and validation targets while keeping every input
and the test split clean. The same row masks are shared across methods. Gaussian noise adds one
clean-training target standard deviation; label swap permutes the designated targets without fixed
points. Table 3 reports local-inference clean-test degradation.

Table 3: Clean-test RMSE degradation under 20% training/validation target noise. Lower is better;
negative Cauchy-RBF contrasts favor Cauchy.

Dataset noise Deep RBF  Deep Cauchy Fixed Cauchy Direct MLP GBR C-R
California  Gaussian +0.0256 +0.0181 +0.0307 +0.0239 +0.0405 —0.0076
California label swap +0.0811 +0.0801 +0.0755 +0.0806 +0.1040 —0.0010
Wine Gaussian +0.0105 +0.0076 +0.0097 —0.0033 +0.0127 —0.0029
Wine label swap +0.0200 +0.0206 +0.0218 +0.0075 40.0171  +0.0006
Abalone Gaussian +0.0119 +0.0014 +0.0257 +0.0140 40.0172 —0.0105
Abalone label swap +0.0977 +0.1097 +0.1094 +0.1332  40.1679 +0.0120

Because target corruption does not make an input geometrically abnormal, approximately
19.2-20.2% of selected references have designated noisy targets and every test query is exposed to
at least one. Local selection does not reject these rows. Under label swap, however, local KRR has



lower mean degradation than global KRR in all nine dataset—kernel cells; the paired interval excludes
zero for all three kernels on California and Abalone (six of nine cells). Under Gaussian target noise,
local degradation is larger in mean in eight of nine cells, but only California Deep Cauchy has an
interval that excludes zero in the global-favoring direction. This is consistent with local inference
containing a gross input—target mismatch, while a global solve can average diffuse zero-mean noise
over more references. All six Cauchy-minus-RBF intervals include zero, so the screen gives no
Cauchy-specific label-robustness advantage. The frozen-kernel direct-influence calculation is given
in Appendix C.6.

6 Discussion and limitations

What the mathematics establishes. The product Cauchy—KL kernel is valid for arbitrary
learned parameter maps, its fixed-scale case recovers a familiar stationary Cauchy form, and its
local metric states exactly how changes in location and scale alter similarity. Ridge regularization
makes each KRR solve well posed. These are deterministic statements independent of a dataset
or optimizer. The regression and classification prediction rules that can be placed on top of the
kernel are derived separately in Appendix C. The independent classification screen in Appendix C.7
establishes only that these predictors are executable on one binary and one ten-class dataset; it is
not evidence of a general Cauchy classification advantage.

What query-local KRR contributes. The strongest positive empirical result is conditional
but consistent. Holding the fitted representation, kernel, targets, and ridge setting fixed within each
method, query-local top-k KRR lowers mean test RMSE relative to global KRR in all 27 corrected
dataset—sample-size—kernel cells. All 27 exploratory paired bootstrap intervals favor local inference,
and 24 of 27 cells favor it in all five seeds. Architecturally, the learned geometry first retrieves a
small set of cases relevant to the query; the ridge solve then fits a query-specific predictor on that
set rather than allowing globally dissimilar references to interfere. The frozen-model reference-bank
experiment provides direct evidence for one part of this account: grossly corrupted stored inputs
are almost always excluded from top-k for both RBF and Cauchy variants. The selected cases are
also inspectable, making the prediction’s reference set explicit.

This result is a within-method local-versus-global comparison, not a claim that local KRR
universally beats Direct MLP or Gradient Boosting; those rankings remain dataset dependent. The
label-noise screen covers only two mechanisms at one severity; it does not cover adversarial labels,
adversarial queries, or arbitrary fixed input-space kernels. Exact inference still requires an O(N)
reference scan and an O(k?) local solve, so the statistical and interpretability benefits come with a
deployment cost.

What remains empirical. Positive semidefiniteness is not evidence of predictive superiority,
and the Hilbert embedding does not imply that Cauchy geometry aligns with a regression target
better than RBF geometry. The fixed-scale Deep Cauchy control is needed to test whether input
dependence in y(z) is useful; the matched Deep RBF control tests whether any gain is specific to
Cauchy geometry. Direct and local/global comparisons provide context without changing those
primary questions. In the completed five-seed artifacts, clean prediction, both input contamination
severities, and the label-noise screen yield no stable Cauchy advantage.

Interpretation boundaries. The learned positive scale is not calibrated predictive uncertainty.
Clean predictive parity did not settle robustness; the separate paired experiments also fail to show



a general Cauchy advantage. Likewise, an inspectable neighbor set is not a causal explanation, and
discrete top-k selection is not differentiated end to end. The corresponding clarifications are in
Appendix A.

Current empirical limitations. The corrected-v3 candidate and robustness artifacts use three
low-dimensional tabular datasets and five seeds. Their intervals are exploratory and do not establish
superiority or equivalence. Finite hyperparameter budgets, fixed-kernel grid boundaries, dirty-arm
preprocessing adaptation, and exact-search costs limit the scope of the empirical conclusions. The
reference-bank isolation supports rejection of gross stored-input errors; the label screen supports
conditional containment of target swaps, not resistance to arbitrary or adversarial label noise,
adversarial queries, or calibrated uncertainty. The separate classification evidence is also limited to
two common datasets and five seeds, with no confirmatory power analysis, probability calibration,
or claim of statistical significance.

7 Conclusion

We introduced a learnable location—scale Cauchy—KL kernel for regression and established its
positive-semidefinite validity, fixed-scale reduction, local pullback geometry, and differentiability
through KRR. The construction gives a mathematically explicit way to learn both location and
scale in similarity space. Its strongest positive empirical conclusion is that, conditional on a learned
kernel geometry, query-local top-k KRR consistently improves over the same model’s global-KRR
inference. The reference-bank isolation further shows that this local selection can prevent grossly
corrupted stored inputs from entering the solve for both RBF and Cauchy. When labels rather than
inputs are corrupted, local selection cannot reject the ordinary-looking references, but the local
solve can limit the spread of gross label swaps; diffuse Gaussian target noise may instead benefit
from global averaging. The additional Cauchy flexibility, however, is not supported as a general
predictive or robustness advantage in the completed five-seed artifacts. The evidence therefore
supports learned local reference selection—with dataset-dependent competitiveness and exact search
costs—not universal dominance of local KRR or Cauchy geometry.

A Reader FAQ: architecture, scale, and evidence

This reader-facing appendix collects distinctions that are necessary for interpreting the experiment
but would interrupt the paper’s main scientific argument if repeated in full in the body.

A.1 Does “matched” mean that methods share trained weights?

No. Each neural method owns an independent backbone and independent heads and is trained
separately. Matching means that the backbone and linear u head have the same architecture,
dimensions, and per-seed initial parameter values. No parameter is tied across methods after
initialization. The executable contract is stated in Appendix 1.2.

A.2 Why retain an explicit location head in Direct MLP?

Direct MLP computes x — hg, (z) — pa(z) — . Its two linear maps after the nonlinear backbone
could be collapsed algebraically into one affine map. We retain u, explicitly so that all neural
methods preserve the same perception-to-p structure as closely as possible and diverge only after
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that common structural boundary. The purpose is experimental matching, not an increase in Direct
MLP expressivity.

A.3 Are the methods matched in total parameter count?

No. The controlled boundary is the perception-to-y path. Deep Cauchy intentionally adds the
positive y(z) branch whose value is being tested, while Direct MLP adds a scalar output and the
kernel methods add their KRR prediction rule. The paper therefore says “perception-to-y matched,”
not “fully parameter matched.”

A.4 What is fixed in Fixed-scale Deep Cauchy?

The backbone and p(z) remain learned. Only the Cauchy scale is constrained to one positive,
learned scalar ¢ shared across inputs and dimensions: v;(z) = ¢. Thus “fixed-scale” means input-
invariant, not non-trainable. Comparing this model with Deep Cauchy isolates the contribution of
input-dependent scale.

A.5 Is the learned scale predictive uncertainty?

No. In this model (z) controls similarity geometry: it changes how movement in learned location
and scale is penalized by the Cauchy—KL kernel. Without a separate probabilistic calibration result,
it must not be described as predictive uncertainty. The local quadratic form in Appendix F gives
its precise geometric interpretation.

A.6 How do N, B, and k differ?

N is the full training/reference bank, B is the number of examples in one differentiable KRR
training solve, and k is the number of references in one query-local inference solve. Equal numerical
values do not make B and k the same object. In the corrected-v3 reference protocol, deep-kernel
training uses B = N and no top-k operation; top-k is applied only after training.

quety kernel sim- top-k X
T e . local system ridge solve
ilarities »  selection >
ko (s, ;) Ni(z4) 1y o e s
reference A A J\
bank
(X,y)
YN

Figure 2: Query-local KRR after neural training. Each frozen query is compared with all N
references, top-k chooses a subset, and a new ridge system is solved on that subset. The training-
solve size B does not appear in this inference computation.

A.7 1Is local top-k selection end-to-end differentiable?

Training and inference use the same learned kernel but not the same computation graph. The
current deep-kernel trainer constructs one full N x N Gram matrix per epoch (B = N), solves
against all training targets, and backpropagates that in-sample objective. It has no top-k retrieval
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and no separate query/support pools. Direct MLP instead uses ordinary shuffled mini-batch scalar
MSE. After training, neural parameters are frozen; only then does each inference query score all N
references, select top-k, and solve a new local KRR system. Batching several inference queries is
merely a memory-management device and does not shrink the reference bank.

The independent classification-vi-exploratory runner uses the same full-training-bank
computation for its deep kernels, with a multiclass centered-simplex target matrix in place of the
regression target vector. After each optimizer update it recomputes the training Gram matrix
and ridge solution, then evaluates validation-to-training cross-kernel scores. It has no episodic
support/query split. Its Direct classifier instead uses shuffled mini-batch cross-entropy.

Table 4: Training, validation, and inference are distinct computations in the corrected-v3 protocol.
The top-k operation belongs only to query-local inference.

Stage Data participating Operation and gradient status

Deep-kernel Full training partition, B= N  Construct Ky(Xt,, X4,), solve for «, and

training backpropagate the in-sample MSE through the
kernel and solve. No top-k.

Direct-MLP One shuffled scalar-MSE Predict through the scalar head and

training mini-batch backpropagate its batch MSE. No kernel solve
and no top-k.

Validation Full training partition plus Recompute the full training Gram matrix and

validation queries « at the current parameter state, then evaluate

validation MSE. No gradient and no top-k.

Query-local Each query plus all NV frozen Score the query against all references, select

inference training references top-k, construct the local Gram system, and
solve for the prediction. Neural parameters are
frozen.

A future batch-internal deep-KRR variant with B < N would construct Kp, solve against
targets from that same training batch, and compute its loss within that batch. Introducing distinct
support and query pools would instead define a new episodic objective and require a new protocol.
For a fixed inference neighborhood, kernel values and the ridge solve are differentiable; neighbor
identities change discretely at similarity ties. Selected neighbors are inspectable reference cases, but
neither selection nor KRR weights are causal explanations.

A.8 Which numerical evidence is current?

The legacy-v0 archive has preprocessing leakage and a state-inconsistent validation solve. The
later corrected-v2 matrix repairs those defects but its Direct MLP omits the explicit linear u head,
so it cannot support the current Direct-versus-KRR comparison. Only corrected-v3 implements
the full perception-to-u contract. A complete 315-row corrected-v3 candidate now passes its
structural and provenance gates. For the three learned kernels, local KRR lowers mean RMSE
in all 27 dataset—sample-size—kernel cells, and all 27 exploratory paired-bootstrap intervals favor
local over global inference. It shows no general Deep Cauchy advantage over Deep RBF, shared-
scale Cauchy, Direct MLP, or the tree control. Separate 10% and nested 20% dirty-development
screens also show no stable Cauchy-specific robustness. A separate 20% target-noise screen likewise
shows no stable Cauchy-specific advantage: local KRR contains label-swap degradation more
than global KRR in all nine learned-kernel cells, but not diffuse Gaussian target noise. All five-
seed intervals remain exploratory. The historical JSON field named xgboost contains sklearn’s
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GradientBoostingRegressor, not the XGBoost library; current artifacts use gradient_boosting.

Classification evidence is kept under a separate protocol boundary. The 70-row exploratory
classification screen covers two datasets, five paired seeds, and seven methods and passes its own
structural acceptance gate. It does not enter the 315-row corrected-v3 regression gate. Its
tree baseline is sklearn’s GradientBoostingClassifier, not XGBoost; its numerical results and
limitations are summarized in Appendix C.7.

A.9 Does clean-data parity settle robustness?

No. Clean predictive accuracy and robustness to contaminated development data are separate
hypotheses. A robustness claim requires a predeclared paired experiment that trains and selects
models under matched corruption and evaluates them on the same untouched test set. The completed
10% and nested 20% screens satisfy that design but do not show a stable Cauchy advantage. A
separate frozen-model reference-bank isolation shows a narrower mechanism: grossly corrupted
stored references leave query-local top-k for both RBF and Cauchy, with little test-RMSE change.
This is reference rejection, not evidence that v(z) is uncertainty or that Cauchy is universally robust.
The target-noise screen exposes a different boundary: noisy labels stay in top-k, yet the local solve
can contain gross label swaps; global inference can average diffuse zero-mean target noise more
effectively.

A.10 Does multiclass classification require a second optimizer?

No, if the final predictor is kernel ridge classification. A C-column target matrix supplies C
right-hand sides to the same regularized Gram system. The actual classification runner uses
centered-simplex targets—one for the true class and —1/(C — 1) otherwise—rather than one-hot
targets. One matrix factorization still returns all C class-score functions. During deep-kernel
training this solve is a differentiable forward operation, not a separately trained inner optimizer; the
persistent optimizer updates only the neural kernel parameters. The non-differentiable argmax is
used only to decode validation or inference scores. The full calculation is in Appendix C.

B Notation and mathematical symbols

This section consolidates the notation used in the model, KRR solver, and complexity discussion.
A plain integer k denotes a neighborhood size, whereas kg(x,z’) denotes a kernel function. Like-
wise, n is the sample size in the mathematical derivation or benchmark cell, while N is the full
training /reference-bank size in the scaling protocol.

Table 5: Mathematical symbols, their domains or shapes, and their
roles in the paper.

Symbol Domain or shape Meaning and role

Data, indices, and sample counts

i {1,...,n} Observation index.

J {1,...,p} Coordinate index in the learned kernel-parameter space.

Ty Yi r;eRY 3y, €R Input and scalar regression target for observation 1.

C; {1,...,C} Class label for observation i in a C-class problem.

X,y X e R4 4y c R” Input matrix and target vector used in a global KRR
system.
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Table 5 (continued)

Symbol Domain or shape Meaning and role

Y RaxC¢ One-hot or otherwise numerically encoded class-label
matrix for a g-example multiclass kernel solve.

Ty R4 Query input whose target is to be predicted.

n N Number of observations in the current mathematical
derivation or sampled benchmark cell.

N N Total training/reference-bank size retained across training
steps and available to exact neighbor search.

B 1<B<N Number of examples in one differentiable KRR training
solve; corrected-v3 uses B = N, while B < N is
prospective.

k 1<k<N Number of reference examples selected for one query-local
inference solve; it is independent of B.

m N Generic finite Gram-matrix or KRR-system size in theorem

statements.

Learned representation and Cauchy parameters

d, v, p
0,
he,

2a = ho, (z)
,ua(x)

Wo,as bo,a

Ya ()

Py

N
model parameters
R? - R"

R"
RP

Wo,a € RP, by €R
p

R0

R0

probability law

Divergences and kernels

Dx1(P|Q)

dc

DC(I,ZL’/)
ko(z,2")

krBF
kc

Rzo

Rzo

RZO
[0,1]

(0,1]
(0,1]

R0

Input dimension, backbone-output dimension, and
kernel-parameter dimension, respectively.

Trainable parameters of neural method a; different methods
own independent parameter instances.
Architecture-matched perception/backbone map for neural
method a.

Learned hidden representation of input = for method a.

Linear hidden/location vector used by Direct MLP, Deep
RBF, and both Deep Cauchy variants.

Direct MLP scalar output layer applied after p,(x).
Positive, input-dependent Cauchy scale vector available
only to Deep Cauchy. It is not assumed to be calibrated
uncertainty.

Positive numerical floor added after softplus to keep every
Cauchy scale strictly positive.

Product distribution ®§:1 Cauchy (1, (x),v;(z)) associated
with input z.

Kullback—Leibler divergence from distribution P to Q). On
the univariate Cauchy location-scale family used here, its
closed form is symmetric.

One-coordinate Cauchy KL divergence between two
location-scale parameter pairs.

Sum of d¢ over p coordinates; equivalently Dxr,(Py||Py).
Generic learned kernel similarity; the subscript distinguishes
the function from the integer neighborhood size k.

RBF kernel applied to learned locations pg(z).

Product Cauchy-KL kernel exp(—8D¢).

RBF length scale; also the one shared scale in the
fixed-scale Cauchy ablation when stated explicitly.
Exponent controlling the decay of Cauchy-KL kernel
similarity.
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Table 5 (continued)

Symbol

Domain or shape

Meaning and role

Kernel ridge regression and local inference

Ay, AT

Ra*4
kak

RYx4
R>o

subset of {1,..., N}

R
RC
{1,...,C}
{0,1}¢
{0’1}q><C
RaxC

RY, RexC

Gram matrix for the ¢ examples in the current global,
batch, or local KRR solve.

Gram matrix restricted to the selected query neighborhood.
Identity matrix matching the current KRR-system size q.
Ridge parameter in the paper’s size-normalized system

K +q)l,.

KRR coefficient vector obtained from the regularized linear
solve.

Multiclass kernel-ridge coefficient matrix, with one
coefficient column per class.

Kernel-similarity vector between query x, and the ¢
reference examples in the current solve.

Indices of the k references with largest similarity to query
T

Predicted target, computed as a kernel vector times the
corresponding KRR coefficients.

Multiclass score vector before decoding or probability
calibration.

Predicted class, usually obtained by an argmax over class
scores.

One-hot vector for class c.

One-hot class-target matrix used to state the fixed-system
equivalence.

Centered-simplex class-target matrix used by the
classification runner.

Regression-target or centered-simplex class-target
perturbation used to trace the direct effect of label
corruption.

C Kernel prediction primer: regression and classification

The primary paper evaluates regression, with a separate exploratory classification screen in Ap-
pendix C.7. The Cauchy—KL construction is a kernel, not a regression-only prediction rule. This
section separates three objects that are easy to conflate: the kernel defines similarity, the training
loss defines what is fitted, and an output decoder turns the fitted function into a number, class, or
probability. Positive semidefiniteness makes the same kernel admissible in each construction below;
it does not make their losses or statistical interpretations identical.

C.1 Kernel ridge regression from the RKHS objective

Let k be a positive-semidefinite kernel with reproducing-kernel Hilbert space Hy. Given ¢ examples

{(z4, i)}, kernel ridge regression solves

1 q

min 3 (i — f(@)” + NS,

A>0. (19)
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The representer theorem implies that a minimizer has the finite expansion
q
)= k(- my). (20)

=1

Writing K; = k(x;, ;) gives the coefficient objective
1 2 T
a”y—KaHQ—F)\a Ka. (21)

Its canonical ridge solution is
a=(K+q )y,  flm)=kla, (k)i = k(. ). (22)

Because K = 0 and A > 0, K + g\l is positive definite and invertible. Thus regression prediction is
a similarity-weighted linear combination of training targets after the similarities have been globally
coupled and regularized by the inverse Gram system. It is generally not a simple normalized kernel
average.

C.2 Query-local KRR

For a query x,, let N'= Ny (x,) contain the k references with the largest learned-kernel similarity.
Query-local KRR replaces the g-example system in Eq. (22) by

() = (Kn + kM) Ly, flocal(x*) = kINa*(x*). (23)

The coefficients therefore depend on the query: changing z, can change both the selected set and the
local linear system. This is the precise sense in which inference is KNN-like, but it is not ordinary
KNN regression. KNN usually averages selected targets directly; local KRR fits a regularized kernel
predictor inside the selected neighborhood. Local learning of this form is classical [2]; the learned
geometry and differentiable training solve are the paper-specific ingredients.

C.3 Binary classification by kernel ridge classification

For binary labels encoded as y; € {—1, 41}, the same squared-loss problem and closed-form solve
produce a real-valued decision score. The classifier is

1, kI (K4 g\ ty >

—1, otherwise.

This construction is often called kernel ridge classification or least-squares classification. The
magnitude of the score is a margin-like quantity, not a calibrated class probability.

C.4 Multiclass kernel ridge classification

For C classes, let E € R7*Y be the one-hot matrix, E;. = 1{c = ¢;}. The classification runner
instead uses the centered-simplex target matrix T' € R7*C,

11 C = (g, C 1 T
Ty = Y po_ 1 447 2
{—1/(0—1), ¢ o1t g-qtde (25)
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Each row of T sums to zero, and the binary case reduces to targets +1 and —1. Squared loss still
separates over the C output columns, so all class functions are obtained in one solve:
Ar = (K +q\I)7'T, sp(y) = k] Ap, c(zy) = arg gmxc} ST.c(T+). (26)
ce{l,...,
There is a useful but limited relation to one-hot coding. Fix the kernel, ridge value, and reference
set, write M = K + g\, and let sg(z.) = k] M~'E. Then
C 1

sr(t) = Gyseled) = 5

ElM1,10. (27)
p(z)

Thus centered-simplex and one-hot scores differ only by a positive scale and a query-dependent offset
shared by every class, so their argmax is identical under those fixed quantities. This does not make
their training MSE, MSE-based hyperparameter selection, raw score magnitudes, or probability
interpretation equivalent. In particular, changing the target coding while learning the kernel can
change the fitted representation.

To see why all scores remain available in closed form, write T = [t(1), .. ,t(C)] and Ar =
[a(l), . ,a(c)]. The Frobenius loss is a sum of C' ridge objectives sharing the same Gram matrix, so
a = (K +q )79, c=1,....C (28)

One matrix factorization is therefore reused for all C' right-hand sides.

The vector s(z,) contains class scores. Applying a softmax to these scores produces numbers
that sum to one, but does not by itself make them calibrated probabilities; calibration requires an
additional validated procedure or a probabilistic training loss.

Why this remains end-to-end. The actual classification-vl-exploratory runner does not
construct episodes. With all NV training examples in each differentiable solve, it computes

My = Ko(Xtr, Xex) + NXoIy, Ag= M, 'Tir,  Surp = Ko(Xir, Xtx) Ag, (29)

and minimizes the in-sample centered-simplex objective || Tty — Sirgl|%/(NC). After every optimizer
update, validation recomputes My and Ay at that same parameter state and evaluates

Svale = Ko(Xval, Xir)Ag (30)

against T,,. Thus validation uses a freshly recomputed cross-kernel; it does not reuse stale
coefficients. There is one persistent optimizer for the neural and kernel parameters, while Ay is
recomputed inside the forward pass rather than optimized as a separate parameter. Differentiating
the solve gives

dAg = —M, ' (dMp)Ag,  dSup = (A rp)As + KirredAg. (31)

The argmax in Eq. (26) is excluded from this training graph and is used only to decode scores.
A distinct support/query split could reduce the role of self-similarity, but it would define a new
episodic protocol; it is not part of this experiment.

The query-local multiclass analogue is immediate:

A*(.CC*) = (KN + k/\Ik)ilTNv 510ca1($*) = kINA*(x*)a aocal(x*) = arg m'?x Slocal,c(l’*)‘ (32)

A small local neighborhood can contain no examples of a rare class. Practical classification variants
should therefore validate k£ and may use an adaptive neighborhood, a class prior, or a global fallback.
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C.5 Changing the loss: kernel logistic regression and SVMs

Classification does not require squared loss. In multiclass kernel logistic regression, each logit has
the representer form f.(-) = >, a;ck(-, z;) and the coefficients minimize

1¢ exp fe, (i) Ay g2
—=) log : + 5 2l el (33)
q ; Sy exp fr(zi) 2 ; '

Prediction uses softmax probabilities and their argmax. Unlike KRR, Eq. (33) has no general
closed-form coefficient solution and is optimized iteratively [20].
For a binary support-vector machine, squared loss is replaced by hinge loss:

kd A
win oY max(01 -y f(e)} + 55 olen) = sign flz). (34)
k=1

Only support vectors have nonzero dual coefficients [4]. Kernel ridge classification, kernel logistic
regression, and a kernel SVM can therefore use exactly the same Cauchy—KL or RBF Gram matrix
while producing different coefficients, probability interpretations, and decision boundaries.

C.6 What label corruption changes

With a frozen kernel and frozen reference set, the direct label-noise channel in KRR is exactly linear.
A regression-target perturbation Ay changes the global prediction by

A fatobal () = kI (K +gMy) ™' Ay, (35)
whereas a fixed local neighborhood gives
A fiocal(w4) = k] \ (K + EAL) "' Ay (36)
For multiclass ridge classification the corresponding score perturbation is
Asglobal(z+) = k| (K + g\I,) AT, Asiocal(4) =k, \r(Kn + kAI) T AT (37)

Under Eq. (25), relabeling one example from class a to class b changes one row by C'(ep —e4)/(C —1).
If that reference is outside Ny (z.), its direct contribution to the local score perturbation is exactly
zero; if it is inside the neighborhood, local selection does not remove it. More generally,

|As@.)]l> < |

k(K + A L) ™| IAT s, (38)

with the analogous restricted bound for a local solve. Neither bound orders local and global inference
universally: localization can contain a gross mismatch, while a global solve can average diffuse
Zero-mean noise.

The completed label-noise experiment retrains the neural representation under dirty labels. It
therefore also contains an indirect geometry channel through the learned parameters 6; Eqgs. (35)
to (37) isolate only the direct propagation that remains after the kernel is fixed. This distinction
explains why label-swap and Gaussian target noise need not produce the same local-versus-global
ordering.

18



C.7 Exploratory classification evidence

The independent classification-vli-exploratory screen aligns the neural perception structure
while preserving each method’s prediction rule:

e Direct MLP uses backbone — linear y — C logits and is trained with cross-entropy;
e Deep RBF uses backbone — linear ;1 — RBF kernel ridge classification;

e Deep Cauchy uses backbone — linear p and positive v heads — Cauchy-KL kernel ridge
classification; and

o Fixed-scale Deep Cauchy uses backbone — linear p plus one positive, trainable scale shared
by all inputs — Cauchy—KL kernel ridge classification.

For a given seed, the shared backbone and p prefix start from bitwise identical parameters. The four
methods are nevertheless instantiated and trained independently; “shared” describes the architecture
and seeded initialization contract, not tied learned weights. The two fixed kernels have no neural
perception network. The tree baseline is sklearn’s GradientBoostingClassifier.

The screen uses stratified 60/20/20 splits of Breast Cancer and Digits with train-only stan-
dardization, five paired seeds (42-46), and seven methods. Its acceptance gate requires exactly
2x 5 x 7 = 70 unique dataset—seed—method rows, the declared protocol and target coding, paired split
hashes, finite metrics, the neural-prefix contract, the real estimator class, and fixed-grid boundary
audits. The completed artifact passes that gate independently of the corrected-v3 regression
matrix.

Table 6: Exploratory classification results across five paired seeds (mean + standard deviation).
Kernel entries use query-local k = 100 inference. Higher is better for both reported metrics.

Method Breast Cancer balanced Digits macro-F1
accuracy
Gradient Boosting classifier .9596 £+ .0178 .9513 £+ .0081
Direct MLP 9696 £ .0104 .9655 £ .0075
Fixed RBF (local) .9645 £ .0096 19800 +£ .0051
Fixed Cauchy (local) .9603 £+ .0145 .9894 £ .0037
Deep RBF (local) 9667 £+ .0220 9762 £ .0082
Deep Cauchy (local) 9690 £ .0174 9785 £ .0024
Fixed-scale Deep Cauchy (local) 9667 £ .0180 9762 £ .0086

Using higher-is-better paired differences, Breast Cancer gives Deep Cauchy minus Deep RBF
+.0024 (wins/ties/losses 1/4/0) and Deep Cauchy minus its fixed-scale deep control +.0023 (1/4/0).
Digits gives Deep Cauchy minus Deep RBF +.0023 (3/0/2), while Deep Cauchy minus the fixed
input-space Cauchy kernel is —.0110 (0/0/5). Local-minus-global gains for the kernel methods
are generally small on both datasets. These five-seed summaries are an exploratory stability
screen: they support neither a significance claim, nor universal classification superiority, nor a
probability-calibration claim. In particular, they show no stable benefit from input-dependent
Cauchy scale.

There are also material optimization-budget boundaries. On Digits, all 15 rows from the three
deep-kernel methods executed the full 80-epoch cap. The runner restored the best validation
checkpoint observed within those 80 epochs, but the artifact did not record the best epoch or
learning curves; these rows therefore must not be described as converged.
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Fixed Cauchy searched 350 hyperparameter candidates per seed, whereas each deep method
used one declared configuration and one initialization per seed. The Gradient Boosting classifier
searched only four candidates, and all 10 dataset—seed rows chose the upper tested learning-rate
boundary, 0.1. It is consequently a declared sklearn baseline, not evidence for a sufficiently tuned
boosting optimum. These unequal budgets further limit cross-method ranking claims.

A post-hoc Digits sensitivity run changed only the deep methods’ maximum epoch budget from
80 to 200, retaining the same seeds, learning rate, patience, and architecture. It is not part of the
canonical 70-row table. Local macro-F1 became .9806 £ .0035 for Deep RBF, .9801 + .0060 for Deep
Cauchy, and .9790 4+ .0052 for fixed-scale Deep Cauchy. Deep Cauchy minus Deep RBF changed
from +.0023 (3/0/2) to —.0005 (1/0/4); Deep Cauchy minus its fixed-scale deep control was +.0011
(3/0/2), and Deep Cauchy minus fixed input-space Cauchy remained negative at —.0094 (1/0/4).
Several best checkpoints occurred at or near epoch 200, so this sensitivity run also does not establish
convergence. Its proper interpretation is that the small Cauchy-versus-RBF ordering is sensitive to
the training budget, further weakening any stable Cauchy-advantage claim.

C.8 Scope of the classification extension

The validity results for the Cauchy—KL Gram matrix carry over immediately to all of the ker-
nel predictors above. The paper’s primary confirmatory target remains scalar regression, and
classification-vl-exploratory is a separate two-dataset screen rather than an extension of
the corrected-v3 regression gate. Equations Eqs. (24), (26), (33) and (34) distinguish several
valid classification predictors; only centered-simplex kernel ridge classification and the matched
Direct /tree controls were tested in Table 6. Their KRR outputs are decision scores, not calibrated
probabilities.

D Cauchy KL divergence in closed form

This section derives Eq. (10) rather than treating it as a kernel formula to be accepted on inspection.

Lemma 3 (Poisson integral identity). If X ~ Cauchy(u,~) with v > 0, then for every v € R and
n>0,
E[log (X — )2+ )| =log (1 = v)* + (v + m)?). (39)

Proof. The Cauchy density is the Poisson kernel of the upper half-plane:

1 gl
N O R —— (40
#V( ) TF(LL'—/L)Q—I—"}/Q )
Let z = p+iv and @ = v—in. Because a lies in the lower half-plane, the function u(z) = 2log|z—al is
harmonic throughout the upper half-plane. Its boundary value on z € R is u(x) = log((z — v)? +n?).
The Poisson representation therefore gives

/R P () 10g ((z — v)2 + n?) da = u(p + i) (41)
= 2log | + iy — (v —in)| (42)
=log (1 —v)* + (v +n)?). (43)

The logarithmic boundary growth is integrable against the O(z~2) Poisson kernel; equivalently, the
identity follows first for truncated boundary data and then by dominated convergence. ]
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Proposition 4 (Univariate Cauchy KL). For P = Cauchy(u,y) and Q = Cauchy(v,n),

)2 2
Dia(P]Q) = log M=V E BEIE (a4)

In particular, the divergence is symmetric on this family and equals zero if and only if (u,7y) = (v,n).

Proof. The density ratio is

Puy ()
& Pu(2)

Taking expectation under P and applying Lemma 3 twice yields

= log% +log ((z — v)? +1*) —log ((x — p)* +~7). (45)

DxL(P||Q) = log% +log ((n—v)* + (v +m)%) — log(47?) (46)
o (w=v)P+(y+n)?
= log oo . (47)

Symmetry is visible in the final expression. Its fraction is at least one because

(n=v)?+ (v +n)? =4y =(u—v)*+(y—n)? >0, (48)
with equality exactly when both parameters agree. ]
Proposition 5 (Product additivity). Let P = @"_; P; and Q = @’_, Q;, where every P; is

absolutely continuous with respect to Q; and all component divergences are finite. Then

Dkr(P|Q) = ZDKL (B5[1Q;)- (49)
7j=1

Proof. Writing p =[], p; and ¢ = []; gj,

Dk (P|Q) = /Hpr xr) logH p] z1 - dxy (50)

313

_ () 1oe 2 xj) "
—jz_:l/PJ( )1 ng(!Ej) duj, (51)

where integration over all coordinates r # j equals one. This is the claimed sum. O

E Positive definiteness of the learned Cauchy kernel

We use the following result of Nielsen and Okamura [13, Theorem 11].

Lemma 6 (Hilbertian Cauchy KL). There are a real Hilbert space H and an injective map
®: R x Ryg— H such that
dc(a,b) = || ®(a) — 2(b)]1% (52)

for all univariate Cauchy parameter pairs a and b.

The cited result is nontrivial: it proves conditional negative definiteness of Cauchy KL using its
hyperbolic-space representation. The remainder of the argument below is specific to our product
and learned-map construction.
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Proof of Theorem 1. For a product parameter tuple a = (a1, ..., ap), define the direct-sum embed-
ding

®(a) = ®(ar) ® - D P(ay) € HP. (53)
By Proposition 5 and Lemma 6,

p ~ ~
Dc(a,b) =Y [|®(a;) — @(b;)[13 = [|[®(a) — ©(b) 130 (54)
j=1

Hence Dg is conditionally negative definite. Schoenberg’s theorem [16] implies that

k(a,b) = exp (— BDc(a,b)) (55)

is positive semidefinite for every 5 > 0. Pulling a kernel back through an arbitrary function preserves
positive semidefiniteness. Applying that fact to a = Wy(z) = (ue(x),v9(x)) proves the first claim.

For strictness, fix x1,...,Z, whose joint parameter tuples are distinct and put u; = ;IV>(\I/9(J:Z))
Injectivity of ® makes the u; distinct. They lie in a finite-dimensional affine subspace of H®P, which
can be identified isometrically with R" for some » < m — 1. For any nonzero ¢ € R™, the Gaussian
Fourier identity gives

m m 2
Y cicje Plumul® = C,B,r/ Y e wi| eIl AR gy, (56)
ij=1 R™ 1321

where Cg, > 0. If the right-hand side were zero, the finite exponential sum would vanish everywhere
by continuity. Choose v € R” such that the projections v 'u; are all distinct; such v exists outside a
finite union of hyperplanes. Restricting to w = tv would give

m
Z cie™ M =0 for every t. (57)
i=1
Differentiating at t = 0 for orders 0,...,m — 1 yields a Vandermonde system with distinct nodes
v ', forcing every ¢; = 0, a contradiction. Thus Eq. (56) is positive for nonzero ¢, and the Gram

matrix is strictly positive definite. O

Remark 7 (Why injectivity is a condition, not an architecture claim). The validity result does not
require an invertible backbone. Strict positive definiteness on a finite sample requires only that the
final joint Cauchy parameter tuples be distinct on that sample. If two inputs collapse to the same
tuple, their kernel rows coincide and the Gram matrix cannot be strictly positive definite. Ridge
regularization still makes the KRR system invertible.

F Fixed scale and local geometry

Proof of Corollary 2. Substitute p =z, ¢/ = 2/, and v =+ = ¢ into Eq. (10):

x— ')+ 402 z—2')?
dc = log (4)62 = log <1 + (462) . (58)
Exponentiation by —f3 gives the stated kernel. O
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Proposition 8 (Pullback quadratic form). Suppose every p; and v; is three times continuously
differentiable near t, with vj(t) > 0. Then

_ G () + ()
Dg(t,t+6) = — —] +0(8%). 59
+9=7 Y (5" (59)
Proof. Tt is enough to expand one component. Write m = u(t), g = v(t), a = pu(t), and b = A(t).
Taylor’s theorem gives

u(t 4 6) = m+ ad + 0(5?), (60)
Y(t+8) = g+ bs + 35()5* + O(5%). (61)
The numerator and denominator inside Eq. (10) have the expansions
(Ap)? + (g+ ¢')* = 4¢% + 4gbd + (a® + b* + 2g%(t)) 6% + O(6%), (62)
4gg" = 4g* + 4gbd + 2g75(t)5? + O(8°). (63)

Dividing cancels both the linear term and the second-derivative term:

(Am2+@+yﬁﬂ:1+a-+¥
494’ 4g°

6%+ 0(8%). (64)

Using log(1 + u) = u + O(u?) gives the component expansion. Summing components proves the
result. O

The associated infinitesimal quadratic form is therefore
P
dpj + dVJ

dst =
s 4}: 2

7j=1

(65)

This is the pullback of a hyperbolic-type metric on the Cauchy parameter half-plane. Small scales
magnify both location and scale changes. The result is a geometric interpretation of the learned
scales, not a guarantee that the scales track the smoothness of the regression function.

G Gradients and differentiable KRR

G.1 Kernel derivatives

For one component, set

A=p=p)"+0+7) (66)
The derivatives of Eq. (10) are
o A 7 o' A 7
ddc _2(v++) 1 dde _2(v++) 1 (68)
oy A 0 o A o
Since ko = e #Pc,
dkc = —ke(DcdB + BdDe). (69)

The positive floor € on the softplus scale head avoids division by zero; it is a numerical device, not
part of the kernel theorem.
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G.2 Differentiating the ridge solution

Let
AW) = KW) +n (I,  a() = AW) y. (70)

Because K > 0 and A > 0, A > 0. Differentiating Aa = y gives
da = —A"YdK +nd\)a. (71)
For a test kernel vector ki,
df (zy) = (dk) "o — k] A7 (dK +ndA\ ). (72)

Modern automatic-differentiation systems obtain the same expression through the linear solve
without materializing a matrix inverse.

G.3 Local selection

For a fixed neighborhood Ny (), the local formula is identical after replacing n by k and restricting
K, y, and k, to the neighborhood. The top-k map itself is piecewise constant and changes at
similarity ties. Thus local inference is differentiable only within regions of parameter space that
preserve the selected indices. The present implementation trains through full-batch global KRR and
applies discrete top-k only at inference; it does not claim an end-to-end derivative through neighbor
identity changes.

H Well-posedness and computational cost

Proposition 9 (Unique ridge solution). If K = 0 and X\ > 0, then K + mAI,, = 0 and the KRR
coefficient vector is unique.

Proof. For every nonzero v € R™,
T T 2
v (K 4+ mAly)v=v' Kv+mA|v|; > 0. (73)
Hence the matrix is positive definite and invertible. ]

Let N denote the full training/reference bank, B the differentiable KRR training-solve size, and
k the inference neighborhood. An exact global solve with B = N costs O(N?) time and O(N?)
memory. A batch solve costs O(B?) time and O(B?) memory; if a shuffled epoch visits all N
examples once, approximately N/B solves give O(N B?) solve time per epoch. This accounting
does not reduce the available data to B: all N rows can participate across steps and remain in the
reference bank. The current corrected-v3 deep-kernel runner uses B = N; the B < N accounting
describes a prospective extension rather than a completed reference result. Once a neighborhood
is known, each local solve costs O(k?®) time and O(k?) memory, independently of B. The current
exact implementation evaluates query-to-training kernel similarities before top-k selection, so it also
incurs an O(Np) kernel-evaluation cost per query. Approximate neighbor indices could reduce that
term for kernels whose search geometry admits a suitable index, but no such acceleration is part of
the present evidence.
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I Corrected protocol and reproducibility contract

1.1 Protocol defects and the later alignment mismatch

The legacy-v0 archive must not be treated as reproduced evidence for two reasons:

1. Preprocessing leakage. The feature scaler was fitted before splitting, allowing validation and
test covariates to influence the transformation applied to training data.

2. State-inconsistent validation. After an optimizer step, the validation kernel was evaluated at
the new neural state while the KRR coefficient vector still came from the previous state.

The repaired loader splits raw data first and fits the feature transformation only on the training
partition. The repaired trainer recomputes the training Gram matrix and ridge solution after
every optimizer step before evaluating validation loss. Direct MLP additionally standardizes its
scalar targets using training-partition statistics and reverses that transformation before RMSE; the
deep-KRR rows use targets in their original units.

The later corrected-v2 protocol fixed those two defects and matched the Direct MLP’s
backbone class and initialization. It did not, however, match the complete intended neural path:
Direct attached its scalar output directly to the backbone, whereas the deep methods inserted a
linear v head. Its completed 315-row artifact is therefore diagnostic provenance, not a reference
for the architecture-matched Direct-versus-KRR comparison. The mismatch is repaired only in
corrected-v3.

1.2 Backbone-and-location-head matching contract

For each seed, all neural methods instantiate the same d — 128 — 128 — d ReLU backbone
and the same d — d linear p head in the same random-module construction order. Consequently,
their backbone and p parameters are equal at initialization. Fach method nevertheless owns an
independent parameter instance and optimizes it separately; no learned weights are tied across
methods. The computation paths are:

Table 7: Exact neural matching boundary in corrected-v3. The common path is matched in
architecture and initialization, while prediction rules and objectives remain method specific.

Method Matched path Method-specific continuation Training target and
objective
Direct MLP x — hg, () = pa(x) scalar linear output train-standardized target;
w;'—)a,ua +boa mini-batch scalar MSE
Deep RBF x = hg, () = pa(z) RBF kernel on p,, then KRR original-unit target;
full-batch differentiable
KRR
Deep Cauchy x — hg, () = pa(x) parallel positive ~, head, original-unit target;
then Cauchy-KL KRR full-batch differentiable
KRR
Fixed-scale Deep @ — hg, () — pa(x) one learned global scale ¢, original-unit target;
Cauchy then Cauchy-KL KRR full-batch differentiable
KRR

The Direct path contains two consecutive linear maps after the nonlinear backbone. Although
they can be collapsed into one affine map, p, remains explicit so that Direct MLP and the kernel
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methods preserve the same perception-to-u neural structure as closely as possible. This is the
experimental matching boundary described in Appendix A.2. The Cauchy-only ~, branch is an
intentional mechanism parameter, so the models are perception-to-u matched rather than equal
in total parameter count. Objectives, batch regimes, target transformations, and inference rules
remain method specific and are reported explicitly.

1.3 Matrix acceptance gate

A corrected reference artifact is accepted only if all of the following hold:

1. exactly 315 flat rows are present;

2. every combination of seven methods, three datasets, three sample sizes, and five seeds occurs
exactly once;

3. every row declares protocol version corrected-v3;

4. every neural row declares the backbone-linear-mu-v1 perception contract and the method-
specific prediction path in Table 7;

5. every Direct MLP row declares its train-only target transformation;

6. no runner failure was converted into a successful partial matrix;

7. aggregate comparisons are paired by dataset, sample size, and seed;

8. the reviewed JSON is frozen before manuscript tables are regenerated.

The complete 315-row corrected-v3 candidate has now executed with zero runner failures,
finite metrics, the required architecture fields, and an independent representative verification. The
earlier corrected-v2 matrix remains diagnostic provenance and intentionally fails this gate because
its Direct path omitted u. Passing the gate makes the current comparisons auditable; it does not
turn their heterogeneous five-seed results into empirical superiority.
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